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Time: 2:30 Hours Marks: 70
Instructions:

1. All questions are compulsory.
2. Figures to the right indicate marks.

Quel(A) Answer any two questions out of three. (10)

(1) Let A € F be a characteristic root of T € A(V), then prove that A is a root of the minimal
polynomial of T. In particular, T only has a finite number of characteristic roots in F.
(2) LetV be a finite dimensional vector space over F. Show that T € A(V) is regular if and
only if T maps V onto V.
(3) Let A be an algebra over F with unit element. Prove that A is isomorphic to a
subalgebra of A(V), for some vector space V over F.
Que-1(B) Answer any one question out of two. (04)
(1) LetV b a finite dimensional vector space over F. Prove that T € A(V) is invertible if
and only if the constant term in the minimal polynomial for T is not 0.
(2) LetV be a finite dimensional vector space over F, then for S,T € A(V) prove that
a) r(ST) <r(T)
b) r(TS) <r(T)
c) r(ST)=r(TS) =r(T), for S is regular in A(V)
Oue-2(A) Answer any two questions out of three. (10)
(1) Let V be a finite dimensional vector space over F. If T € A(V) has all its characteristic
roots of T are in F then prove that T satisfies a polynomial of degree n over F.
(2) LetV be a finite dimensional vector space over F and T € A(V) be nilpotent with index
of nilpotency n;. Then prove that there is a basis of V in which
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the matrix of T is of the form . 2 . 0
0 0 e My

where ny = n, = - 2 ng and dimV =nq +ny, + -+ ng.
(3) Let V be a finite dimensional and T € A(V) be nilpotent, then prove that the set of
invariants of T is unique.
Que-2(B) Answer any one question out of two. (04)
(1) Letu € V be such that uT™ ™% = 0, where 0 < k < ny, then show that u = u,T*, for
some uy € V.
(2) Let T € A(V) be nilpotent, then show that ay + a4 T ... + a,, T™, where a; € F, is
invertible if &y # 0.
Que-3(A) Answer any two questions out of three. (10)
(1) State and prove Jordan decomposition theorem.
(2) Find all possible Jordan forms T € A(V) having characteristic polynomial x%(5 — x).
(3) LetT € A(V) over F. Letp(x) = yo + y1x + — - + y_1x" "1 + x” be a minimal
polynomial for T over F. Further suppose a module V as a cyclic module. Then prove
that there is basis of V over F such that, in that basis,

0 1 0 0
/ (.) 0 1 cee 0 \

the matrix of T isl ’ . : |

\0 o o 1 /
—Yo —V1 V2 —Vr-1
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Que-3(B) Answer any one question out of two. (04)
(1) Let V be a finite dimensional vector space over F and T € A(V). LetV =V, @ V,,
where V; and V, are subspaces of V invariant under T. Let Ty = T|v; and T, = T|v,. If
the minimal polynomial of T; and T, over F are p;(x) and p,(x) then prove that the
minimal polynomial of T over F is the least common multiple of p; (x) and p,(x).
(2) Find all possible Jordan forms T € A(V) having characteristic polynomial (x + 1)*.
Que-4(A) Answer any two questions out of three. (10)
(1) Let T € A(V), then prove that trT, the trace of T, is the trace of m, (T), where m(T) is
the matrix of T in some basis of V.
(2) LetT € A(V), then prove that T* € A(V). Moreover forall S,T € A(V) and @ € F,
show that
a) (T)Y'=T
b) (S+T) =S"+T"
c) (AT)* = AS*
d (ST)"=T'S*
(3) For A,B € M,,(F) prove that det(AB) = det(A) det(B).
Que-4(B) Answer any one question out of two. (04)
(1) Prove that determinants of a matrix and its transpose are same.
(2) Prove that A is invertible if and only if detA # 0.
Que-5(A) Answer any two questions out of three. (10)
(1) LetV be a finite-dimensional vector space over a field of characteristic zero, and let f
be a symmetric bilinear form on V. Then prove that there is an ordered basis for IV in
which f is represented by a diagonal matrix.
(2) Let V be an n-dimensional vector space over R. Let f be a symmetric bilinear form on
V which has rank r. Then prove that there is an ordered basis {f1, 3, ..., S} for V in
which the matrix of f is diagonal and such thatf(ﬁ’j,ﬁ’j) =41;j=1,..,r.
Furthermore, show that the number of basis vectors f; for which f (Bj, ﬁj) =1is
independent of the choice of basis.
(3) Define bilinear form. Let B = {ay,...,a,} be an ordered basis for V and B* =
{L1,...,L} be the dual of V*, then prove that the n® bilinear forms f;;(a,B) =
Li(@)L;(B) ;1 <1i,j < nform a basis for the space L(V,V,F). In particular show that
dim(L(V,V,F)) = n?.
Que-5(B) Answer any one question out of two. (04)
(1) Let V be an n-dimensional vector space over C. Let f be a non-degenerate symmetric
bilinear form on V. Then the group preserving f is isomorphic to the complex
orthogonal group O(n, C).
(2) Let f be a non-degenerate bilinear form on a finite-dimensional vector space V. Prove
that the set of all linear operators on V which preserve f is a group under the operation

of composition.
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