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647510 MSC4MatC401x Seat No :__________ 
M.Sc.(Maths.) Semester - 4 (CBCS) Examination  

March/April - 2025 (NEW COURSE)  
Linear Algebra (Core) 

Time: 2:30 Hours                                                                                                         Marks: 70 
Instructions:  
1.  All questions are compulsory. 
2.  Figures to the right indicate marks. 

------------------------------------------------------------------------------------------------------------------------------------------------------  
Que1(A) Answer any two questions out of three. 

(1) Let 𝜆 ∈ 𝐹 be a characteristic root of 𝑇 ∈ 𝐴(𝑉), then prove that 𝜆 is a root of the minimal 
polynomial of 𝑇. In particular, 𝑇 only has a finite number of characteristic roots in 𝐹. 

(2) Let 𝑉 be a finite dimensional vector space over 𝐹. Show that 𝑇 ∈ 𝐴(𝑉) is regular if and 
only if 𝑇 maps 𝑉 onto 𝑉. 

(3) Let 𝒜  be an algebra over 𝐹  with unit element. Prove that 𝒜  is isomorphic to a 
subalgebra of 𝐴(𝑉), for some vector space 𝑉 over 𝐹. 

(10) 

Que-1(B) Answer any one question out of two. 
(1) Let 𝑉 b a finite dimensional vector space over 𝐹. Prove that 𝑇 ∈ 𝐴(𝑉) is invertible if 

and only if the constant term in the minimal polynomial for 𝑇 is not 0. 
(2) Let 𝑉 be a finite dimensional vector space over 𝐹, then for 𝑆, 𝑇 ∈ 𝐴(𝑉) prove that 

a) 𝑟(𝑆𝑇) ≤ 𝑟(𝑇) 
b) 𝑟(𝑇𝑆) ≤ 𝑟(𝑇) 
c) 𝑟(𝑆𝑇) = 𝑟(𝑇𝑆) = 𝑟(𝑇), for 𝑆 is regular in 𝐴(𝑉) 

(04) 

Oue-2(A) Answer any two questions out of three. 
(1) Let 𝑉 be a finite dimensional vector space over 𝐹. If 𝑇 ∈ 𝐴(𝑉) has all its characteristic 

roots of 𝑇 are in 𝐹 then prove that 𝑇 satisfies a polynomial of degree 𝑛 over 𝐹. 
(2) Let 𝑉 be a finite dimensional vector space over 𝐹 and 𝑇 ∈ 𝐴(𝑉) be nilpotent with index 

of nilpotency 𝑛1. Then prove that there is a basis of 𝑉 in which 

the matrix of 𝑇 is of the form  

(

 
 
𝑀𝑛1 0

0 𝑀𝑛2
⋯

0
0

⋮ ⋱ ⋮
0     0 ⋯  𝑀𝑛𝑛)

  

where 𝑛1 ≥ 𝑛2 ≥ ⋯ ≥ 𝑛𝑘 and  𝑑𝑖𝑚𝑉 = 𝑛1 + 𝑛2 +⋯+ 𝑛𝑘 . 
(3) Let 𝑉  be a finite dimensional and 𝑇 ∈ 𝐴(𝑉) be nilpotent, then prove that the set of 

invariants of 𝑇 is unique. 

(10) 

Que-2(B) Answer any one question out of two. 
(1) Let 𝑢 ∈ 𝑉 be such that 𝑢𝑇𝑛1−𝑘 = 0, where 0 ≤ 𝑘 ≤ 𝑛1, then show that 𝑢 = 𝑢0𝑇𝑘 , for 

some 𝑢0 ∈ 𝑉1. 
(2) Let 𝑇 ∈ 𝐴(𝑉) be nilpotent, then show that 𝛼0 + 𝛼1𝑇…+ 𝛼𝑚𝑇𝑚, where 𝛼𝑖 ∈ 𝐹, is 

invertible if 𝛼0 ≠ 0. 

(04) 

Que-3(A) Answer any two questions out of three. 
(1) State and prove Jordan decomposition theorem. 
(2) Find all possible Jordan forms 𝑇 ∈ 𝐴(𝑉) having characteristic polynomial 𝑥2(5 − 𝑥). 
(3) Let 𝑇 ∈ 𝐴(𝑉) over 𝐹. Let 𝑝(𝑥) = 𝛾0 + 𝛾1𝑥 + −⋯+ 𝛾𝑟−1𝑥𝑟−1 + 𝑥𝑟 be a minimal 

polynomial for 𝑇 over 𝐹. Further suppose a module 𝑉 as a cyclic module. Then prove 
that there is basis of 𝑉 over 𝐹 such that, in that basis, 

 the matrix of 𝑇 is

(

  
 
 
0        
0        

 1     0
 0     1

 ⋮           
⋯

0
0
 

        ⋱ ⋮
0
−𝛾0

    
 0
−𝛾1

 0
−𝛾2

⋯  
1

−𝛾𝑟−1)

  
 

 

 

(10) 
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Que-3(B) Answer any one question out of two. 
(1) Let 𝑉  be a finite dimensional vector space over 𝐹  and 𝑇 ∈ 𝐴(𝑉) . Let 𝑉 = 𝑉1⊕𝑉2 , 

where 𝑉1 and 𝑉2 are subspaces of 𝑉 invariant under 𝑇. Let 𝑇1 = 𝑇|𝑣1 and 𝑇2 = 𝑇|𝑣2. If 
the minimal polynomial of 𝑇1  and 𝑇2  over 𝐹  are 𝑝1(𝑥) and 𝑝2(𝑥) then prove that the 
minimal polynomial of 𝑇 over 𝐹 is the least common multiple of 𝑝1(𝑥) and 𝑝2(𝑥).   

(2) Find all possible Jordan forms 𝑇 ∈ 𝐴(𝑉) having characteristic polynomial (𝑥 + 1)4. 

(04) 

Que-4(A) Answer any two questions out of three. 
(1) Let 𝑇 ∈ 𝐴(𝑉), then prove that 𝑡𝑟𝑇, the trace of 𝑇, is the trace of 𝑚1(𝑇), where 𝑚1(𝑇) is 

the matrix of 𝑇 in some basis of 𝑉. 
(2) Let 𝑇 ∈ 𝐴(𝑉), then prove that 𝑇∗ ∈ 𝐴(𝑉). Moreover for all 𝑆, 𝑇 ∈ 𝐴(𝑉) and 𝛼 ∈ 𝐹, 

show that 
a) (𝑇∗)∗ = 𝑇 
b) (𝑆 + 𝑇)∗ = 𝑆∗ + 𝑇∗ 
c) (𝜆𝑇)∗ = 𝜆̅𝑆∗ 
d) (𝑆𝑇)∗ = 𝑇∗𝑆∗ 

(3) For 𝐴, 𝐵 ∈ 𝑀𝑛(𝐹) prove that det(𝐴𝐵) = det(𝐴) det (𝐵). 

(10) 

Que-4(B) Answer any one question out of two. 
(1) Prove that determinants of a matrix and its transpose are same. 
(2) Prove that 𝐴 is invertible if and only if 𝑑𝑒𝑡𝐴 ≠ 0. 

(04) 

Que-5(A) Answer any two questions out of three. 
(1) Let 𝑉 be a finite-dimensional vector space over a field of characteristic zero, and let 𝑓 

be a symmetric bilinear form on 𝑉. Then prove that there is an ordered basis for 𝑉 in 
which 𝑓 is represented by a diagonal matrix. 

(2) Let 𝑉 be an 𝑛-dimensional vector space over ℝ. Let 𝑓 be a symmetric bilinear form on 
𝑉 which has rank 𝑟. Then prove that there is an ordered basis {𝛽1, 𝛽2, … , 𝛽𝑛} for 𝑉 in 
which the matrix of 𝑓 is diagonal and such that 𝑓(𝛽𝑗, 𝛽𝑗) = ±1 ;  𝑗 = 1,… , 𝑟.  
Furthermore, show that the number of basis vectors 𝛽𝑖 for which 𝑓(𝛽𝑗, 𝛽𝑗) = 1  is 
independent of the choice of basis. 

(3) Define bilinear form. Let 𝔅 = {𝛼1, … , 𝛼𝑛}  be an ordered basis for 𝑉  and 𝔅∗ =
{𝐿1, … , 𝐿𝑛}  be the dual of 𝑉∗ , then prove that the 𝑛2  bilinear forms 𝑓𝑖𝑗(𝛼, 𝛽) =
𝐿𝑖(𝛼)𝐿𝑗(𝛽) ; 1 ≤ 𝑖, 𝑗 ≤ 𝑛 form a basis for the space 𝐿(𝑉, 𝑉, 𝐹). In particular show that 
𝑑𝑖𝑚(𝐿(𝑉, 𝑉, 𝐹)) = 𝑛2. 

(10) 

Que-5(B) Answer any one question out of two. 
(1) Let 𝑉 be an 𝑛-dimensional vector space over ℂ. Let 𝑓 be a non-degenerate symmetric 

bilinear form on 𝑉. Then the group preserving 𝑓 is isomorphic to the complex 
orthogonal group 𝑂(𝑛, ℂ). 

(2) Let 𝑓 be a non-degenerate bilinear form on a finite-dimensional vector space 𝑉. Prove 
that the set of all linear operators on 𝑉 which preserve 𝑓 is a group under the operation 
of composition. 

(04) 

*************************** 


